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Recently we have published a paper [Irgaziev, Phys. Rev. C 91, 024002 (2015)] where the S- 
matrix pole method (SMP) which is only valid for resonances has been developed to derive an 
explicit expression for the asymptotic normalization coefficient (ANC), and is applied to the low- 
energy resonant states of nucleon-l-Q; and C systems. The SMP results are compared with the 
effective-range expansion method (EFE) results. In the present paper the SMP and EFE plus the 
Pade-approximation are applied to study the excited 2"*' resonant states of ®Be. A contradiction is 
found between descriptions of the experimental phase shift data for aa scattering and of the ®Be 
resonant energy for 2^ state. Using the EFE method, we also calculate the ANC for the ®Be ground 
0”'' state with a very small width. This ANC agrees well with the value calculated using the known 
analytical expression for narrow resonances. In addition, for the C states 1“ and 3“ the SMP 
results are compared with the Pade approximation results. We find that the Pade-approximation 
improves a resonance width description compared with the EFE results. The EFE method is also 
used to calculate the ANCs for the bound ground 0"^ state and for the excited 1“ and 2^ levels 
which are situated near the threshold of a C channel. 


I. INTRODUCTION 

It is well-known that nuclear reactions at very low en¬ 
ergies are key nuclear processes in stellar nucleosynthe¬ 
sis These reactions can occur as direct processes 

or through the formation of resonance. A direct reac¬ 
tion near the threshold is suppressed due to the Coulomb 
barrier, and the reaction through resonance therefore be¬ 
comes critical when it is near the threshold. Examples 
of certain resonances of interest to nuclear astrophysics 
are presented below. In Ref. Q we developed the S- 
matrix pole method (SMP) to derive an explicit expres¬ 
sion for the asymptotic normalization coefficient (ANC) 
of a resonant Gamow radial wave function in the pres¬ 
ence of the Coulomb interaction. We used an analytical 
S'-matrix approximation in the form of a series of powers 
of the relative momentum k for the nonresonant part of 
the phase shift for the arbitrary orbital momentum I of 
colliding particles. Earlier in Ref. this method was 
applied to calculate the resonance pole energy Er and 
width r. In the earlier paper Q we successfully applied 
the SMP to the resonances of the nucleon-|-Q! and C 
systems. We obtained respective ANC values for differ¬ 
ent states of the nuclei ®He,® Li, and . We found that 
the P value calculated by the SMP agrees better with the 
other values from the literature, while the effective-range 
expansion method (EFE) overestimates F. 

In the present paper we apply low-energy approaches 
(SMP, EFE and Pade-approximant) to the another nu¬ 
cleus ®Be which is unstable even in the ground 0+ state. 
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Hoyle predicted the existence of the resonance state of 
the ^^C nucleus with an excitation energy of 7.68 MeV 
0 even before the actual observation of 7.65 MeV in 
experiments. Salpeter accepted Hoyle’s idea and theo¬ 
retically considered the ^^C creation mechanism as the 
result of a three a particles fusion with the intermediate 
creation of the narrow resonance ®Be in the ground state. 
Fowler and his group carried out corresponding experi¬ 
ments which confirmed Hoyle’s prediction. At the end of 
the life of red giant stars compressed by the gravitation, 
the temperature increases up to values T > 10® K. At 
such temperatures carbon creation occurs due to the two 
consecutive processes: a + a —i ®Be ( 0+, ground state) 
and a P ®Be —?> i 2 (^* ('q+^ j MeV). The small dif¬ 
ference (= 0.28 MeV) between the ^^C energy level and 
those of the system a + ®Be is especially important. 

The EFE is also used in the present paper to calculate 
ANCs for the bound states of the system a + ^^C. Be¬ 
sides, we find that it is possible to improve an agreement 
for the resonance width F when a Pade-approximant is 
used instead of the EFE. In our previous paper Q we 
study resonances in a^^C scattering. However, the 
properties of the bound states are also studied here 
because they are quite important for astrophysics. 

The ^^C(q;, 7)^®0 reaction is considered one of the key 
nuclear processes at the stage of helium combustion in 
stars (formation of the red giant). This reaction de¬ 
termines the relative content of in the process 

of stellar helium combustion. It directly affects the se¬ 
quence and peculiarities of further combustion stages in 
massive stars, such as carbon combustion. One needs to 
know the ANC for the decay a + ^^C for differ¬ 

ent hnal states to find the rate of this radiative capture 
reaction. The main goals of the present paper are the ap¬ 
plications of low-energy approaches to the other nucleus 



®Be and to the states which are of interest to astro¬ 
physics but are not investigated in Ref. Q. The article 
is organized as follows. In Sec. HIl we present main for¬ 
mulas of the 5'-matrix pole method. In Sec. |nl]we study 
the properties of the ground ®Be s wave state resonance 
in the aa scattering. Short history of this level complex 
energy studying in the literature is given as well as our 
results for the energy, the nuclear vertex (®Be a + a) 
constant (NVC) and the ANC calculated using the EFE 
method. We have to use here the EFE instead of the 
SMP because this state situated just near the zero en¬ 
ergy where the phase shift has essential singularity (see 
Eq. (20) in Ref. Q). In Sec. |TV] we use all the three 
methods (SMP, EFE, and Fade) to calculate the excited 
d wave state resonance in the aa scattering. We compare 
the SMP approximation results for the same excited 2+ 
resonant state of ®Be for the two variants when htting the 
experimental phase shift data: taking the experimental 
resonance energy E 2 as fixed and considering E 2 as an ad¬ 
ditional fitting quantity. The latter leads to a very good 
agreement with the experimental phase shift data. It is 
shown that there is disagreement between the experimen¬ 
tal energy dependence of the phase shift on the one hand 
and the resonance complex energy on the other. In Sec. 
|V]we consider the bound states: the ground 0+ state 
as well as the excited bound states 1“ and 2+. These 
states are very important for astrophysics. In Sec. I VII we 
study the resonant states 1“ and 3“. with bigger 
widths, which was recently considered in Ref. @ where 
the very good description of the experimental phase shift 
data was achieved. We show that the Pade approximant 
describes width better than EFE. In Sec. I VIII (conclu¬ 
sion) the results of the present paper are discussed. For 
the bound excited state 2+ our calculated ANC is 
compared with the one published in the literature. 


II. THE MAIN FORMULAS OF THE S'-MATRIX 
POLE METHOD (SMP) 


Near an isolated resonance it can be approximated as 


Si{k) = 


(fc -I- kr){k — k*) 

{k — kr){k + k*) ’ 


( 2 ) 


where kr = kg — iki is the complex wave number of a 
resonance (fcp > ki > 0, and the symbol (*) means the 
complex conjugate operation). Using Eq. ([^l, one can 
rewrite Eq. o in the form 


S',(fc) = (3) 

where Sr = — arctan stands for the resonance phase 
shift, while Sa = — arctan is an additional phase 
shift which contributes to the whole scattering phase 
shift. Thus the total phase shift is 


Si — Vl + Sr + Sa- (4) 

The partial scattering nonresonant phase shift vi{k) is a 
smooth function near the pole of the S'-matrix element, 
corresponding to the resonance. The ^-matrix element 
defined by Eq. ([2) fulfills the conditions of analyticity, 
unitarity, and symmetry. Therefore we can expand vi (k) 
to a series 


vi{k) = ^Cn{k-ks)"^ (5) 

n—0 

in the vicinity of the pole corresponding to the resonance. 
The point ks denotes a centered point, and a convergence 
radius should be shorter than the distance from the cen¬ 
tered point to the closest singular point. The expansion 
coefficients c„ of Eq. as well as fco and ki (i.e., a res¬ 
onance complex energy value) are determined by fitting 
the experimental values of the elastic scattering phase 
shifts Si given by Eq. (HI. It is enough for the aa system 
to limit the expansion ([5]) up to n = 4. The nonresonant 
phase shift vi{k) is an analytical function excluding the 
origin. In Ref. Q, the authors present the behavior of 
Si{k) near the origin as 


All the SMP formulas needed to calculate the reso¬ 
nance energy, nuclear vertex constant (NVC) and asymp¬ 
totic normalization coefficient (ANC) are given in Ref. 

Some of them are given below. Q In the single¬ 
channel elastic scattering case the partial S'-matrix el¬ 
ement (without the pure Coulomb part = r(Z -|- 
1 + ir])/T{l -I- 1 — ir]) where r(a:) is the gamma-function, 
r] = ziZ 2 lJ-a/k is the Sommerfeld parameter, a is the 
fine-structure constant, and /x is the reduced mass of the 
colliding nuclei with the charge numbers zi and Z 2 ) is 
denoted as 

Si{k) = E^^K ( 1 ) 


( 6 ) 

where a/ is the scattering length for colliding nuclei. 0 
The point fc = 0 is an essential singularity point of the 
scattering phase shift. However, as a function of the mo¬ 
mentum fc, v has normal analytical properties near the 
point corresponding to the resonance. Besides, the con¬ 
vergence region of Eq. ([5]) is limited due to the presence 
of an exchange Feynman diagram for the elastic scatter¬ 
ing, leading to the logarithmic singularity which is ab¬ 
sent in our models. The renormalized partial amplitude 


^ Here and below we use the unit system h = c = 1. 


^ There is a misprint in our paper [^: In the formula above u was 
written instead of 5 but it does not matter because Sr and Sa 
do not have such singularity. 
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is constructed (see Refs [lol - [l^ ) for its analytical con¬ 
tinuation to a resonance or bound-state energy region. 
According to its definition, the nuclear renormalized ver¬ 
tex constant G; (NVC) [l^, NVC can be written as 

~2 277 

kopi{kr) 

fj,ko Pl{kr) 

where pi is equal to 


Pi{k) = 


2777] 


g27rr, _ I 




( 8 ) 


n—1 


Using the relationship between NVC G/ and ANC G/ M, 
we obtain 

i-‘pT{l + l + ir]r) 

= 7 ?-i!-' 

I fJ,Y TT-yr r(/ + 1 + iTJ'p^ 

Ti 


X ^’'‘^^^W{^-ih/ko)/pi{kr). (9) 

In the limit of a small width F, we obtain the formula 


ct = 

which coincides with the expression derived in Ref. M- 
This formula m can be used to check the calculation 
results. All the necessary expressions for the EFE are 
published in the literature (see Ref. @ and references 
therein). 


' i(vi(ko)+<yi{ko)-Trl/2) 

ko 


( 10 ) 


III. THE GROUND ®Be s WAVE STATE 
RESONANCE IN THE a a SCATTERING 

In the present paper we continue to study resonances 
for light nuclei. We consider the nucleus ®Be which is 
not bound in the ground state due to the Coulomb re¬ 
pulsion between a-particles. This state presents a very 
narrow resonance with the pole at the center-of-mass sys¬ 
tem (c.m.s.) energy (see the review [l5l| and the refer¬ 
ences therein): 

Ea = Eq — iT‘o/2, Eq = 91.84 keV, Fq = 5.57 ± 0.25 eV. 

The a-particle model is a good approximation for a de¬ 
scription of ®Be characteristics because of the ^He nucleus 
large binding energy. The other channels have thresholds 
situated at Eiab > 35 MeV. The Q value for the reaction 
a+a —?> ®Be has changed over time in the literature. The 
value Q = 94.5 ± 1.5 keV is found in Ref. [l^. Fowler’s 
experimental group obtains Q = 93.7 ± 0.9 keV El- In 
Ref. [3 the results of the phase shift analysis (see ref¬ 
erences in Ref. 0 ) are used to find the ®Be resonance 


parameters by applying the EFE. In Ref. [l^ the values 
of the energy Eq and the width Fq for narrow resonance 
of ®Be in the ground state in the cms frame are as follow: 

Eq = 94.5 ± 1.4 keV, Fq = 4.5 ± 3 eV. 

The Eq value is determined in Ref. 0 as the energy 
when the phase shift Jq passes 7r/2 and the resonance 
width Fq is obtained from the equation expressed F in 
terms of the rate of changing 5q in the resonance region 
(7r/4 < (5o < 37r/4). The nuclear interaction is revealed 
in the scattering cross section at energy Eq > 300 keV, 
i.e., after the resonance region where the s-wave phase 
shift 5q jumps from 0 up almost to tt. For an analyti¬ 
cal continuation of the cross section into the resonance 
region, the authors of Ref. 0 | apply the EFE with the 
Coulomb interaction taken into account, using the for¬ 
mula by Landau and Smorodinsky (see Ref. [19| which 
is valid in the physical energ y re gion and the reference to 
the original paper). In Ref. the effective-range func¬ 
tion Ki{k^) is expanded in a series over up to power 
of k^: 


Ai(fc2) = -l/a-p(r/2)fc2-Pr3fc^ (11) 

or an equivalent expansion in a series over E^ 

Ki{Ea) = oo -l- CliEa + a2E‘^, (12) 

which adequately describes the experimental values of 
(5o at the cms energy Ea = 2.5 MeV. Later in Ref. [2^ 
an uncertainty of the measured cross-section from the 
Coulomb (Mott) cross-section is found experimentally 
even in the resonance region. As in Ref. [1^, the scat¬ 
tering of the singly-charged ion "‘He’’’ on the neutral "‘He 
atoms is investigated. The following results for Eq and 
Fq are obtained in Ref. 0: 

Eo = 92.12 ±0.05 keV, Fq = 6.8 ± 1.7 eV. (13) 

In later experiments (see 0 ) , the Eq and Fg values do 
not change much compared with m, but their uncer¬ 
tainties appreciably decrease. The scattering amplitude 
is defined in 0] as the sum of the Coulomb and the nu¬ 
clear amplitudes. The nuclear amplitude is taken in the 
Breit-Wigner form, which may be a reasonable approxi¬ 
mation for a narrow resonance. 

In our paper we use the EFE, Fade approximant, and 
SMP. The last method is used for defining a resonant 
energy, including that of broad resonances In the 
case of a narrow resonance, its energy depends less on 
the used method. We show below that our result for the 
®Be ground state energy is in good agreement with (Eq. 
USD- As input data, we use the pha se shift borrowed from 
Ref. 0 (see table II in Ref. (0 . p. 252). We use the 
follo wing values for the resonance energy and width (see 
Ref. 0) 


Eq = 91.84 keV; Tq = 5.57 eV. (14) 

In Fig. [T] we show the results of fitting the effective- 
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FIG. 1. Comparison of the fitted effective- rang e function for the s wave aa elastic scattering with the experimental values. 
The experimental data are taken from Ref. [^. The energy is given in the c.m.s. frame. 


range function dependence on energy for the s state of 
®Be using the phase shift table given in Ref. [2l|. It was 
indicated earlier in Ref. [2^ that the radius of conver¬ 
gence of the expansions in Eq. (HD around zero energy is 
determined by the singularity of the two-pion-exchange 
Feynman diagram at an energy of Esmg ~ 5 MeV (more 
precisely, at 4.76 MeV), since one-pion exchange is sup¬ 
pressed in isospin. The fitting curve corresponds to the 
effective-range function approximation m with the pa¬ 
rameters: 

o =-1724.1 fm; r = 1.0848 fm; P =-0.34717. (15) 

This set does not differ much from that given in Ref. [l^ ■ 

a = -1760 fm; r = 1.096 fm; P =-0.314. (16) 

We note that in Ref. [l^, misprints are made in writ¬ 
ing the shape parameter P: A dimension (cm) of P was 
shown which actually is a dimensionless quantity, and 
the wrong sign P = -1-0.314 is written (see the top part 
of Fig. 9 in Ref. 0)- These misprints are not repeated 
in the bottom part of Fig. 9 where the correct formula is 
written for the energy dependence of the effective-range 
function Ko{Eiab)- Furthermore, a reasonable descrip¬ 
tion of the experimental dependence Ko{Eiab) is shown 
in the same hgure in the area Eiab < 6 MeV (i.e., Ea < 3 
MeV in c.m.s. frame) with the parameters (1161) . For the 
®Be ground state with the set ((T5|) we receive the fol¬ 
lowing values of the resonant energy, width, NVC and 


ANC: 

Eo = 92.248 keV, Tq = 5.122 eV; 

Gl = (0.5047 - i0.0001151) fm; (17) 

I ANC I = I Co 1= 0.001615 fm-^/^ 

All the results in Eqs. (EZD have complex values due to 
the pole energy complexity. The resonance energy and 
width in Eqs. dlZD agree well with Eq. da. The value of 
Gq is almost real because of the resonance pole proximity 
to the real energy axis. Using the expression a for nar¬ 
row resonances we obtain I Co 1= 0.001615 fm“^/^, which 
actually coincides with the value in Eqs. a- This fact is 
quite natural for a resonance with such a small To. When 
To is very small and energy Eq is situated not far from 
a threshold, one does not need to use another method 
(for example, the SMP) because the related results are 
practically the same as those for the explicit expression 

(nnD- 

IV. THE EXCITED ®Be: THE d WAVE STATE 
RESONANCE IN THE a a SCATTERING 

Along with a description of the ®Be ground state, the 
survey in Ref. [T^ gives some features of the first excited 
state of the ®Be nucleus (J = 2'^). The amplitude for the 
aa scattering in the d wave has a pole at a cms energy 
of Ea = Ecm = E 2 — iT2/2 (see Table (8.11) in Ref. 0 
and notes to it on p. 184). In the laboratory frame, the 
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respective energy is Eiab = ‘ 2 Ecm{Ecm = where k 

is the relative momentum of colliding a particles and /i 
is the reduced mass of the aa system). The weighted- 
mean values of the real part of the energy at the pole, 
E 2 ± AE 2 , and of the resonance width, r 2 ± Ar 2 , are 
given in Ref. along with the respective inaccuracies: 

£12 = 3.03 ± 0.01 MeV, Tz = 1.49 ± 0.02 MeV. (18) 

These values are found from later results on the yields of 
the reactions ®Be(p, d) and ®Be(c?, t) (see also Ref. M)- 
Similar results of analyses performed for various reac¬ 
tions by various groups of authors at various times are 
also given in Ref. [l^ [see the references in Table (8.9)]. 
Those results differ only in the value of the uncertainty 
in the resonance width, Ar 2 = 0.015 MeV. From Table 
(8.11) in Ref. [T^, we find the ranges of mean values of 
E 2 and r 2 and the scatter of the uncertainties in them: 

2.82 <E 2 < 3.18 MeV, 10 < AE 2 < 200 keV; 

1.20 <T 2 < 1.75 MeV, 20 < AT 2 < 300 keV. (19) 

One can see that E 2 and r 2 and the boundaries of their 
variations are commensurate. It is noteworthy, however, 
that aa scattering is not present among the reactions 
appearing in Table (8.11) from Ref. [l^. One of the ob¬ 
jectives of the present study is to supplement the data 
quoted in Ref. [l^ with data on aa scattering by us¬ 
ing the effective-range theory and S'-matrix pole method. 
For the d wave resonance in question, we present the 
effective-range function in the form (HID of an expansion 
in the powers of up to k'^, and in the form which is 
the equivalent of the expansion in m- 

K2{Ea) = A 2 + B2lEa + B22Ea^. ( 20 ) 

The calculated values of the functions 7^2 (7 ?q) and 
d^iEa) are highly sensitive to the position of the pole in 
the complex energy plane, and especially to the value E 2 . 
The use of the values in Eq. (fTSl) in fitting the parameters 
of the effective-range function 7^2(7?a) along with the ex¬ 
perimental value of the phase shift 82 from Ref. [2lj (see 
Table II there) at the energy where the uncertainty Ai52 
is minimal distorts the shape of the energy dependence in 
relation to the experimental data. A partial-wave phase 
shift analysis of aa scattering was performed more than 
40 years ago (see references in Ref. mi). The more re¬ 
cent publication by Warburton contains information 
on the experimental dependence S 2 {E) in the form of a 
graph. There is virtually no difference between the data 
in Ref. [ 2 ^ and the data on S 2 {Ea) in Ref. mi (Table 
2 on p. 252), with the exception of several extra points 
in the region where S 2 < 7r/2. The positions of these 
points fit well with the general character of the energy 
dependence of 62 in Ref. mi- The phase shift 62 begins 
to manifest itself for Ea > 1-25 MeV, the resonance lying 
completely in the region of convergence of 7^2 (!?«)■ In¬ 
deed, we find from Eq. (fT51) that | E 2 — iT 2 12 3 MeV 

< 5 MeV. As soon as the considered resonance is broad 
enough, we apply both methods (the EFE and the SMP) 


to describe its characteristics. We take the experimental 
resonance energy and width as 

E 2 = 3.122 MeV, r 2 = 1.513MeV. (21) 

First, we use the EFE method. The corresponding fitting 
effective-range function K{Ea) taken in the form (I^Dl) 
leads to K{Ea) parameters (with an energy in MeV): 

A 2 = 0.0182 fm■^ B 21 = -0.0056 fm"'^MeV\ 

B 22 = 0.0027 fm"®MeV“^ (22) 

The set (1^^ corresponds to the parameters of Eq. m- 

a = -55.0fm^ r =-0.1166 fm"^, P = 183.9 fm®. 

(23) 

The function 7^2 (7?a) fitting results are shown in Fig. 
m (a solid curve) where the experimental energy interval 
up to 11 MeV (in the c.m.s. frame) is considered. One 
can see that this EFE variant describes the experimental 
phase shift dependence on the energy only when Eiat < 5 
MeV. We get the following results: 

E 2 = 2.897 MeV, F 2 = 1.470 MeV; 

Gl = (0.0137 - i0.0169) fm; (24) 

I ANC I = I C 2 1= 0.3152 fm“^/^ 

The resonant energy E 2 and the r 2 in Eqs. (IMl) are 
smaller than the experimental values given in Ref. 
but the differences are not large. We also note that when 
using Eq. (flU)) (for a narrow resonance) IC 2 I = 0.3624 
fm“^/^. The difference is not very big for such a broad 
resonance. To extend a good description of K 2 {Ea) when 
Ea > 5 MeV, we apply a Fade approximant, adding one 
more parameter to the effective-range function, which 
takes the form: 

K2{Ea) = [uq + O^lEa + a2Ea^\/{1 + biEa), (25) 
where 

ao = 0.028 fm”®, ai =-0.009799 fm“®MeV\ (26) 

02 = 0.002549 fm“®MeV"^ h = -0.05122 MeV“\ 

In Fig. 12] the dashed curve for Eq. ((^511 practically 
coincides with the solid curve at Ea < 5 Mev but also 
reproduces well the experimental points at Ea > 5 Mev. 
We obtain the following results: 

E 2 = 2.9380 MeV r 2 = 1.2296 MeV; 

Gl = (0.0117 - i0.0136) fm; (27) 

I ANC I = I Cz 1= 0.289 fm-^/^ 

The differences between the related values in Eqs. (|M|) 
and (HZD are not very large. One can see that the reso¬ 
nance energy and width are smaller than the experimen¬ 
tal values (ED. 

We apply the S'-matrix pole method to the excited 2+ 
state. We use the experimental resonance energy ED as 
a trial value to estimate the centered momentum value 
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FIG. 2. Comparison of the fitted effective-range function for the d wave aa elastic scattering (red color line) with the experi¬ 
mental values (points). The dashed line represents the result of fitting with the Fade approximant. The experimental data are 
taken from Ref. [^. The energy is given in the c.m.s. frame. 


for the series expansion (0. A very good phase shift 
fitting is achieved with four members up to {k — ks)^ in 
Eq. 0. The model describes the phase shift behavior as 
a function of the energy in the whole energy region (see 
Fig.0 with the exception of the two experimental points 
with large uncertainties which obviously disagree with 
the general trend of the phase shift energy dependence. 
We find the following results: 

E 2 = 2.916 MeV, T 2 = 1.437 MeV; 

Gl = (0.01537 - i0.0145) fm; (28) 

I ANC I = I Cs 1= 0.3120 fm“^/^ (29) 

We also perform a fitting parameters of the ^-matrix pole 
method with the fixed values of the energy and width of 
the d state resonance, which are generally accepted as the 
experimental values and which are given in Eq. (j21[) . In 
this case we also use the expansion up to terms {k — kg)^ 
of the nonresonant phase shift. However, as can be seen 
from Fig. [3] (dashed line), the agreement with the curve 
of the experimental points is worse compared with the 
previous method of the fitting, when we take the real 
and imaginary momentum of the resonance as the fitting 
parameters. We find the following results for the NVC 
and ANC: 

Gj = (0.0160 - 10.0067) fm; 

I ANC I = I C 2 1= 0.2914 fm-i/^ (30) 

One can see from Eqs. (IMl) . (071) . (051) and (1501) that 


the results are very sensitive to the method used for fit¬ 
ting. In spite of the good phase shift fitting, we find 
that the different low-energy approaches lead to quite 
different results. The resonant energy occurs to be es¬ 
pecially changeable and varies. This means there is dis¬ 
agreement between the experimental energy dependence 
of the phase shift on the one hand and the resonance 
complex energy on the other. So we recommend refining 
the phase shift for aa scattering. Nevertheless some es¬ 
timations of the ANC found in this work can be used in 
astrophysics. 


V. BOUND STATES PROPERTIES FROM 
THE scattering PHASE SHIFTS 

The SMP is applicable to resonances but not to bound 
states. So in this section we apply the effective-range 
theory and the Fade approximant. For all considered 
bound states, the fitted effective-range function is quite 
well reproduced when the expansion (EFE) is limited to 
the expression (HU or (I20p (with the dependence on k^ 
or Fern)- For the ground state = 0+, the fitting curve 
for KQ{Ecm) is almost linear with the set of parameters 
in Eq. (lT2l) : 
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ao = -0.000328fm"F ai = 0.019450fm“^MeV“F 

02 = 0.000171936 fm"^MeV“^ (31) 




FIG. 3. Comparison of the fitted phase shifts for the d wave aa elastic scattering obtained by the S-matrix pole method with 
the experimental data taken from Ref. [^. The solid line shows when the complex momentum kr of the resonance is added 
to the parameters of fitting. The dashed line indicates when the energy and width of resonance is fixed as in Eq. (1211) . The 
energy is given in the laboratory frame. 


The curve Ko{Ecm) crosses the point corresponding to 
the ground state at the experimental binding energy 
s = 7.162 MeV. The fitting parameters (1311) lead to the 
following results: 

Gl = 5.197 fm; ANC = 20.33 fm"^/^ (32) 

For the excited state = 1“ with the binding energy 
El = 0.045 MeV, we find the following fitting set of pa¬ 
rameters: 

ao = -0.00001773fm-3; oi = 0.02930fm^MeV^ 

02 = 0.003321 fm"^MeV^ (33) 

The curve Ki{Ecra) crosses the point Acm = —0.045 Mev 
corresponding to the excited 1 “ state almost at the the 
point corresponding to the experimental binding energy 
and describes the experimental points quite well. The set 
of parameters (1551) leads to the following results: 

Gl = 0.03584 fm; ANC = 1.032 x 10^"^ fm"^/^ (34) 

The very large ANC value for 1“ state is due to the 
small binding energy for this subthreshold level. For the 
excited state J'^ = 2+ with the binding energy £i = 0.245 
MeV, we find the following fitting set of parameters: 

ao = -0.0004657 fm"^ ai = 0.00993814 fm“®MeV^ 
02 = 0.007050 fm-®MeV-2. ( 35 ) 


The curve K 2 {Ecm) crosses the point corresponding to 
the excited 2+ state almost at the point Ecm = —0.245 
MeV, corresponding to the experimental binding energy, 
and describes the experimental points reasonably well. 
The set of parameters (1551) leads to the following results: 

Gl = 0.001183fm; ANC = 21060 fm"^/^. (36) 


VI. RESONANT-STATE PROPERTIES 
FROM THE SCATTERING PHASE SHIFTS 
FOUND USING THE PADE APPROXIMANT 
FOR THE EFFECTIVE-RANGE FUNCTION 

In our paper Q we find that the effective-range method 
(EFE) is not able to reproduce properly the widths of the 
resonances while the ^-matrix pole method can give 
reasonable results. In Ref. @ we conclude that the SMP 
is successful because the central point ks for expansion 
is situated just near the resonance pole. In this sec¬ 
tion of the present paper we try to improve this situation 
by applying the Pade-approximant for the effective-range 
function instead of the polynomial expansion (EFE), tak¬ 
ing into account the fact that the Pade approximant bet¬ 
ter reproduces the phase shift energy dependence. To do 
this, we study the resonances for the states with = 1~ 
and 3“ where the widths are bigger compared with other 
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states (see Table III in Ref. @). The SMP fits the exper¬ 
imental phase shifts for these states quite well. Fig. 3 of 
Ref. 0 shows that the resulting curves actually cross the 
experimental points. In Table U we compare the respec¬ 
tive results obtained by the SMP and Pade approximant. 
Again we see that the results are not very different. 

VII. CONCLUSION 

In the present paper we continue to study the reso¬ 
nant states of light nuclei. Concretely we consider ®Be 
in the 0+ and 2+ states and in the 1“ and 3“ states 
using three different low-energy methods: the effective- 
range expansion, the Pade approximant and the S'-matrix 
pole method to calculate ANCs. We use as an input the 
phase shift energy behavior for the aa and scat¬ 

tering borrowed from the literature. The SMP method 
is not applicable to bound states, so the EFE is used in 
the present paper to obtain the ANC for the three 
bound states: one ground (e = 7.162 MeV, = 0+) 
and two excited (e = 0.245, MeV, = 2+) and (e = 
0.045 MeV, = 1“). All the nuclei considered are very 
important in astrophysics. But until now their ANC (at 
least for resonance states) have not been estimated theo¬ 
retically. We emphasize that our methods for finding the 
resonant states ANC allow us to normalize the Camov 
wave function which is quite difficult, especially in the 
presence of the Coulomb interaction. All the methods 
considered here are based on the phase shift analysis and 
on the analytical continuation of elastic scattering ampli¬ 
tudes (renormalized due to the Coulomb interaction) to 
nonphysical energy region. The results of this work show 
the contradiction between the resonance energy and the 
phase shift energy dependence. As the phase shift data 
for aa scattering is about 40 years old, we recommend re¬ 
measuring. From our calculations we draw the following 
conclusions. 

The ®Be ground 0+ resonant state is so narrow that 
the results are not sensitive to the model applied. In this 
case, a simple expression (ITO can be used for the ANC, 
which is developed in Ref. |14l |. 

The resonance for the ®Be excited 2+ state is broad 


enough to be more sensitive to the model used. We find 
in Ref. Q that the EFE does not reproduce the F value 
while the SMP leads to a reasonable result for F. We 
also find that the application of the Pade-approximant 
instead of the EFE shows a better agreement with the 
SMP results. In this case, adding another parameter to 
introduce the pole into the effective-range function (zero 
for a partial scattering amplitude) leads to a much better 
description of 7^2 (F'a) in a larger energy area. 

We show that applying the Pade-approximant to the 
in 1“ and 3“ states resonances also improves the 
agreement with the SMP results published in Ref. 

So in a way effective-range methods are ’rehabilitated’ 
in the present paper after increasing the number of the 
fitting parameters and introducing a pole. In spite of this, 
the SMP is a better method for describing properties 
for broad resonances. A very good description of the 
experimental phase shift data is shown in Fig. 3 of our 
previous paper Q. 

The bound states are also studied. We find very 
large differences in the ANC depending on the bind¬ 
ing energy. The resonance near the threshold has a 
very big ANC due to the F-function in its definition 
We note that in Ref. the authors calcu¬ 

late the ANC for the first 2+ excited state of 
They choose a nuclear Gaussian potential, which reads 
V(r) = —112.3319 exp(—r^/2.82) MeV, where r is the 
distance between the clusters in fm, and the screened 
Coulomb potential is e^erf(r/2.5)/r, where erf(a:) is the 
error function. This potential has a bound state when 
Ea = —245.0 keV. Numerically, the authors find the 
ANC = 1.384 X 10®fm“^/^. This value can be compared 
with our result ANC=1.0323 x lO^fm”^^^. 

The results of this paper can be used for solving nuclear 
astrophysical problems and may be applied to the theory 
of nuclear reactions using Feynman diagrams to describe 
the reaction mechanisms. 
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manuscript. 
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